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We theoretically study bilayer superconducting topological insulator film, in which superconduc-
tivity exists for both top and bottom surface states. We show that an in-plane magnetic field can
drive the system into Larkin-Ovchinnikov (LO) phase, where electrons are paired with finite mo-
menta. The LO phase is topologically non-trivial and characterized by a Z2 topological invariant,
leading to a Majorana zero mode chain along the edge perpendicular to in-plane magnetic fields.
Introduction.- Magnetism and superconductivity are
two fundamental states of matter in condensed matter
physics and the interplay between them continues bring-
ing us intriguing phenomena. Unlike the conventional
Cooper pairs with zero momentum in the BCS theory,
magnetism can induce a superconducting (SCing) state
with finite momentum pairing. The pairing function of
such state can either carry a single finite momentum Q,
known as Fulde-Ferrell (FF) state[1], or multiple finite
momentaQi (i = 1, 2, . . . ), known as Larkin-Ovchinnikov
(LO) state[2]. There are extensive experimental efforts
aiming in realizing FF or LO states in various systems, in-
cluding heavy fermion superconductors (SCs), cold atom
systems and organic SCs[3–5]. Another recent develop-
ment is to realize topological SCs by integrating mag-
netism, spin-orbit coupling and superconductivity into
one hybrid system [6–10], in which gapless excitations ex-
ist at the boundary or in the vortex core, dubbed “Majo-
rana fermions” or “Majorana zero mode (MZM)”. MZM
possess exotic non-Abelian statistics and thus can serve
as the building block for topological quantum computa-
tion [11, 12].
Since both finite momentum pairing and topological
superconductivity require magnetism and superconduc-
tivity, it is natural to ask if these two SCing phenomena
can coexist and if there is any interplay between them.
In particular, one may ask (1) if topological SC phases
can exist for FF or LO state with finite momentum pair-
ing; (2) how to find an experimentally feasible system for
a robust realization of such state; and (3) what types of
boundary modes can emerge in such system.
In this work, we propose a new topological LO (tLO)
state in topological insulator (TI) thin films in proximity
to conventional s-wave SCs under an in-plane magnetic
field. By combining a general theoretical argument of
topological invariant, self-consistent calculation of phase
diagram and the direct calculation of edge modes, we
demonstrate the existence of tLO phase in this bilayer
SCing TI films in a wide parameter regime. In particu-
lar, we show a chain of numerous MZMs, dubbed “MZM
chain”, existing along the 1D edge perpendicular to the
in-plane magnetic field.
Topological LO state.- We start from a general dis-
cussion of the possibility of topological nature of LO
state. For a SCing system, we consider the Bogoliubov-
de Gennes (BdG) Hamiltonian with the single particle
Hamiltonian H0(kx,−i∂y) and the gap function ∆(y).
The gap function satisfies periodic condition ∆(y) =
∆(y+2π/Q) with the wavevectorQ and can be expanded
as ∆(y) =
∑
n∆ne
inQy with an integer n. Only one ∆n
is non-zero in the FF state while multiple non-zero ∆n
exist in the LO state. The BdG Hamiltonian takes the
form
HBdG =
(
Hee Heh
Hhe Hhh
)
, (1)
where Hee, Hhh are Hamiltonians for electrons and
holes, respectively, and Heh represents paring. HBdG
may be expanded in the momentum space, lead-
ing to the form (Hee)nm = δnmH0(kx, nQ + ky),
(Hhh)nm = −δnmH
∗
0(−kx, nQ − ky), (Heh)nm = ∆n+m
and (Hhe)mn = ∆
†
n+m (n,m are integer numbers) on
the basis |en〉 and |hn〉 with the wavevector nQ. Here
the momentum ky is within the reduced Brillouin zone
[0, Q]. The Hamiltonian (1) possess particle-hole sym-
metry C = txK where the Pauli matrix tx acts on
the particle-hole space and K is the complex conjugate.
Based on the Hamiltonian (1), we can extract the topo-
logical property of FF state, as shown in Supplementary
materials[13], which is consistent with the recent results
on topological FF state in cold atom systems [14–17].
Next we focus on the LO state with non-zero ∆±1,
for which the Hamiltonian (1) can be split into two de-
coupled blocks. All the electron part H0(kx, nQ + ky)
with even (odd) n is only coupled to the hole part
−H∗0(−kx, nQ − ky) with odd (even) n. We call these
two blocks as even and odd block, denoted as HevenBdG and
HoddBdG, respectively. Here the even block is written on
the basis |e2n〉 and |h2n+1〉, while the odd block is writ-
ten on the basis |e2n−1〉 and |h2n〉. The global particle-
hole symmetry C relates these two blocks, CHevenBdGC
−1 =
2−HoddBdG, and thus there is in general no particle-hole
symmetry within one block. However, at the momen-
tum ky = Q/2, a new particle-hole symmetry operator
C˜ can be defined as C˜ |e2n〉 = |h2n+1〉 and C˜ |h2n+1〉 =
|e2n〉 for the even block H
even
BdG and C˜ |e2n−1〉 = |h2n〉
and C˜ |h2n〉 = |e2n−1〉 for the odd block H
odd
BdG, and
we have C˜HevenBdG(kx, Q/2)C˜
−1 = −HevenBdG(−kx, Q/2) and
C˜HoddBdG(kx, Q/2)C˜
−1 = −HoddBdG(−kx, Q/2), as shown in
supplementary materials[13]. The existence of this new
particle-hole symmetry C˜ suggests that the Hamilto-
nian HevenBdG and H
odd
BdG can be viewed as a one dimen-
sional (1D) SC chain in the D class along the x di-
rection at ky = Q/2. A Z2 topological invariant [11]
M = sgn (Pf [A(kx = 0)] Pf [A(kx = π)]) can be defined,
where the anti-unitary matrix A is the BdG Hamiltonian
HevenBdG or H
odd
BdG at ky =
Q
2
in the Majorana representa-
tion. Here M = −1 is for topologically non-trivial phase
with a pair of MZM present, while M = +1 is for trivial
phase. Thus we conclude that tLO state is possible to
exist with Z2 classification due to the new particle-hole
symmetry C˜ that is only valid at ky = Q/2. Below we
discuss how to realize tLO state in a SCing TI film and
the corresponding gapless boundary modes, i.e., MZM
chain.
Bilayer SCing TI film.- Here we consider a SCing TI
film with both top and bottom surface states (bilayer)
under an in-plane magnetic field, as shown in Fig. 1. The
low energy physics of this system can be described by the
Hamiltonian,
H = H0 +Hpair. (2)
Here H0 describes surface states at the top and bottom
surfaces under an in-plane magnetic field along the x di-
rection and is given by [18, 19]
H0 =
∫
dr c˜†(r) [mτx + vτz(pˆxσy − pˆyσx) +Bxσx] c˜(r)
(3)
where c˜ = (cˆt,↑, cˆt,↓, cˆb,↑, cˆb,↓)
T
are the electron annihi-
lation operators, (pˆx, pˆy) are in-plane momentum opera-
tors, v is the Fermi velocity, and σ and τ are Pauli matri-
ces, representing spin and pseudo-spin (top and bottom
surfaces), respectively. For the Hamiltonian (3), the first
term (m = m0 +m1pˆ
2) describes the tunneling bewteen
two surface states (called inter-layer tunneling below),
the second term is the Dirac Hamiltonian for two surface
states, and the third term gives the Zeeman coupling be-
tween electron spin and in-plane magnetic fields. Here we
have absorbed the parameters ~ into v and gµB into Bx
to simplify the notation. To include the SC pairing, we
consider on-site electron-electron attractive interaction
term within one surface state (called intra-layer below)
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FIG. 1. (Color online) (a) Illustration of the SC/TI/SC het-
erostructure under an in-plane magnetic field Bx possessing
MZM chain at the boundary, and (b) Illustration of the two
Fermi surfaces with opposite spin textures for TI films with
m = 0 in Eq. (3) under an in-plane magnetic field Bx.
as
Hpair = −U
∫
dr
∑
τ
nˆτ,↑(r)nˆτ,↓(r) (4)
where nˆτ,σ(r) is the electron density operator of spin
σ =↑, ↓ on layer τ = t, b. Here we neglect the inter-layer
interaction, which should be repulsive and weaker.
The phase diagram in Fig. 2(a) can be constructed
by minimizing Ginzburg-Landau free energy L obtained
from the microscopic Hamiltonian (2)[20]. The details of
the calculation for the phase diagram are presented in
the supplementary material[13]. The gap function takes
a general form ∆t
(
1+τz
2
)
σy + ∆b
(
1−τz
2
)
σy, where ∆t
and ∆b are the gap functions for the top and bottom
surfaces, respectively. At Bx = 0, the BCS type of intra-
layer spin-singlet pairing with ∆t = ∆b = ∆0 will be
energetically favored. However, when increasing Bx, the
momentum Q of the pairing starts preferring some non-
zero value at a critical magnetic field Bc, as shown in the
inset of Fig. 2(b), suggesting a phase transition occur-
ring. The phase diagram as a function of temperature
T and in-plane magnetic field Bx is shown in Fig. 2(a)
for m0/µ = 1/5. Four phases, including (I) BCS state
(∆0σy), (II) FF state (∆t = ∆0e
−iQy ,∆b = 0 or ∆t =
0,∆b = ∆0e
iQy), (III) LO state (∆t = ∆
∗
b = ∆0e
−iQy),
and (IV) normal metallic state, are identified. At low
temperatures, the BCS state is favored for a small Bx,
while the LO state is present for a large Bx. Near the
transition temperature between SCing states and normal
state, we find the FF state existing in a small region be-
tween the BCS and LO states. However, this small region
for FF state will disappear for a smaller m0 [See supple-
mentary materials[13]]. The transition between the BCS
pairing and the FF or LO state is of first order and occurs
at a critical magnetic field strength Bc along the transi-
tion temperature line between SCing states and normal
state In the inset of Fig. 2(b), different color lines are for
3different m0/µ and thus the critical Bc depends on the
coupling ratio m0/µ. From Fig. 2(b), we notice that the
value of Bc approaches zero when turning off m0.
To understand the occurrence of LO state, we may
first consider the energy spectrum of the single-particle
Hamiltonian H0 in Eq. (3), which is given by E0,s(p) =
±
√
v2p2x +
(√
m2 + v2p2y + sBx
)2
, with s = ±1. In the
decoupling limit (m→ 0), the Fermi surfaces of two sur-
face states are shifted with ±Q/2 in the opposite direc-
tions with vQ = 2Bx due to the Zeeman term, as illus-
trated in Fig. 1(b). Spin textures of the surface states
are also depicted on the Fermi surfaces, from which one
can see that zero momentum pairing can only occur for
electrons with the same spin (equal spin triplet pairing),
while spin-singlet pairing is only possible for a finite mo-
mentum. In the limit m → 0, the LO phase is always
favored and can be viewed as two FF phases with oppo-
site momenta for each surface state, similar to the LO
phase in the bilayer TMDs system[21]. A finite coupling
term m will induce a Josephson coupling between ∆t
and ∆b pairing, which tends to induce a bonding state
(∆t = ∆b = ∆0) in order to lower the free energy L.
However, the opposite momentum shift will make such
Josephson coupling vanishing and as a result, there is a
competition between Josephson coupling due to the finite
m, which favors BCS pairing, and the momentum shift
due to in-plane magnetic fields, which favors FF or LO
state. Thus, a finite m will increase the critical magnetic
field Bc [See Fig. 2(b)]. We notice that our phase dia-
gram (Fig. 2(a)) is quite similar to that of 2D Rashba
SCs [22, 23] due to the same spin textures (Fig. 1(b)) in
these two systems.
Majorana zero mode chain.- We next focus on topolog-
ical properties of the LO state found in the last section.
For the convenience of calculations, we consider the lat-
tice regularization of the BdG Hamiltonian (2). The lat-
tice version of the single-particle Hamiltonian H0 reads
H0 =
∑
ix
∑
iy
{
c˜†(ix, iy) (T0) c˜(ix, iy)
+ c˜†(ix, iy) (Tx) c˜(ix + 1, iy)
+ c˜†(ix, iy) (Ty) c˜(ix, iy + 1) + H.c.
}
(5)
where the integers ix and iy describes the lattice sites (the
lattice constant is chosen to be 1), T0 = (m0 +4m1)τx +
Bxσx, Tx = iατzσy −m1τx, and Ty = −iατzσx −m1τx
with α = v/2. In the BdG Hamiltonian, we setHee = H0
and Hhh = −H
∗
0. For the LO state, the off-diagonal
part of HBdG is given by Heh = ∆0e
iQy
(
1+τz
2
)
σy +
∆0e
−iQy
(
1−τz
2
)
σy . Here we always choose Q = 2π/Ny
with an integer Ny for convenience. Due to the periodic-
ity of the BdG HamiltonianHBdG(ix, iy) = HBdG(ix, iy+
Ny), the parameter Ny gives the y-directional length of
I
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FIG. 2. (color online) (a) Phase diagram in parameters of
Bx/Tc,0 and T/Tc,0 at m0/µ = 1/5 for intra-layer pair-
ing, comprising conventional BCS phase (I), FF phase (II),
LO phase(III) and normal metal (IV). (b) The critical field
Bc/Tc,0 (transition between BCS to LO phase) as function
of m0 at fixed T/Tc,0 = 0.8. Inset shows νQ/Tc,0 as func-
tion of Bx/Tc,0 for different m0/µ. Parameters used here are
m1 = 0, UN0 = 0.15, ωD = 100 meV and µ = 100 meV, so
that Tc,0 = 1.134ωD exp(−1/UN0) = 0.1443 meV.
the supercell. Since Q depends on the magnetic field
Bx (Q = 2Bx/v for m → 0 or large enough Bx), the
length Ny of the supercell also depends on Bx and will
be reduced when Bx is increased. Motivated by our gen-
eral theory for tLO phase, we next study the energy dis-
persion of a slab configuration for the BdG Hamiltonian
which is finite along the x direction (Nx sites) and infinite
along the y direction. According to the Bloch theorem,
we need to solve the eigen-equation HBdG|ψ〉 = E|ψ〉 in
a super-cell of Nx ×Ny lattice sites with open boundary
condition along the x direction and twist boundary condi-
tion |ψ(ix, Ny)〉 = e
ikyNy |ψ(ix, 0)〉 along the y direction
for any ix = 1, . . . , Nx (ky ∈ [0, Q]).
The energy dispersions of the slab are shown in
Fig. 3(a) for Nx = Ny = 61 and (b) for Nx = 61, Ny =
21. For a large Ny (corresponding to a small Bx),
flat bands are found at zero energy (E0 ∼ ±10
−6) in
Fig. 3(a), suggesting the existence of highly localized
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FIG. 3. (color online) Low eigenenergy spectrum (a,b) and
probability distribution of MZM state (c,d) in the LO phase
with ∆t = ∆0e
−iQy and ∆b = ∆0e
iQy. Open boundary along
x axis and periodic boundary along y axis are used. In (a)(c),
Q = 2pi/61 and the unit cell size isNx = Ny = 61; MZM chain
appears with a large minigap ∆E ∼ 0.4∆0. In (b)(d), Q =
2pi/21 and the unit cell size is Nx = 61, Ny = 21; Majorana
bands disperse due to the hybridization between the intra-
edge MZMs, however two pair of MZMs at ky = Q/2 are
protected. Parameters used here are α = m1 = 5, m0 = 0,
Bx = 2α sin(Q), ∆0 = 1.5 and µ = 13.5.
MZMs. The local density of states in a super-cell for
flat Majorana bands are shown in Fig. 3(c), from which
one indeed finds two pairs of MZMs located at two edges
of the slab. According to our numerical simulations, we
find that the MZMs are located at y = π/2Q + nπ/Q
(n is an integer) with the localization length estimated
as ξ ∼ v/∆0 ∼ 6, which is much smaller compared to
the length Ny = 61 of the supercell. Thus, these MZMs
are well separated and form the flat Majorana bands. In
addition to the flat Majorana bands, there are also topo-
logically trivial Andreev bound states within the SCing
gap. These bound states are well separated from MZMs
with an energy gap ∆E ∼ 0.4∆0.
The above analysis also indicates that adjacent MZMs
might be hybridized when Ny is reduced. Indeed, for
a small Ny = 21 (corresponding to a large Bx), we
find the Majorana bands become dispersive, as shown
in Fig. 3(b). The strong hybridization between MZMs at
one edge is shown in Fig. 3(d). We notice that these two
Majorana bands cross with each other at ky = Q/2. This
crossing with four-fold degeneracy can be explained by
the new particle-hole symmetry C˜ defined at ky = Q/2,
which is consistent with the general theory for tLO phase
discussed above. Thus, our calculation demonstrates the
Z2 tLO phase can indeed be realized in our bilayer SCing
TI films.
Discussion and conclusion - In this work, we develop
a general theory of tLO phase with Z2 classification
and propose its material realization in bilayer SCing TI
films. The realization of tLO phase and the correspond-
ing MZM chain opens a new route in the study of MZMs
for quantum computation. The 1D MZM chain also pro-
vides a natural platform to stuy interacting Majorana
chains[24, 25].
The proposed model can be realized in SC/TI/SC
hetero-structure [26–28], e.g. NbSe2/Bi2Te3/NbSe2 het-
erostructure. With the parameters ∆0 = 1 meV, µ = 100
meV, ~v = 0.4 nm·eV and the g-factor g ≈ 20[29], and
m0 = µ/5, we can estimate the critical field at tricritical
point is about 0.17 Tesla according to gµBBc/kBTc,0 ≈
0.35 from Fig. 2(b). The distance between two MZMs
is estimated as ∆y = π~v/4gµBBc ≈ 1.6 µm, which is
four times larger than the localization length of MZMs
ξ ∼ ~v/∆0 = 0.4 µm. Thus, MZMs in the chain are well
separated and can be resolved in a scanning tunneling mi-
croscope experiment [28]. The above estimate is based on
Zeeman effect, but we emphasize that the orbital effect
of in-plane magnetic fields can also plays a similar role as
the Zeeman effect due to the Dirac fermion nature. Com-
pared to the Zeeman effect, we find the orbital effect of an
in-plane magnetic field can also induce the FFLO phase
(the vector potential could be chosen as ~A = (0,−Bxz, 0)
and set the middle of layers as z = 0 resulting in the op-
posite momentum shift for the Fermi surface of top and
bottom surface states), and it is about π~vd/2Φ0 ∼ 1.21
meV/Tesla by assuming the space distance between two
surfaces d = 4 nm, which is comparable to the Zeeman
term with gµB = 1.16 meV/Tesla. One can also con-
sider SC/magnetic TI/SC heterostructure, in which the
exchange coupling from magnetic doping takes a similar
form as Zeeman effect, but is two orders of magnitude
larger than the Zeeman effect [19]. Based on the above
estimate, we conclude that our proposal is feasible under
the current experimental conditions.
Our proposal is also applicable to SCing TIs in which
topological surface states and bulk superconductivity can
coexist. Such materials include Cu doped Bi2Se3 [30–
32], several SCing half-Heusler compounds (e.g. YPtBi,
RPdBi) [33, 34] and FeTe0.55Se0.45 [35, 36].
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